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^ . The geometrization of the Electro- Weak Model is achieved in a 5-dimensional Riemann- 

Cartan framework. Matter spinorial fields are extended to 5 dimensions by the choice 
qh| of a proper dependence on the extra-coordinate and of a normalization factor. U(l) 

weak hyper-charge gauge fields are obtained from a Kaluza-Klein scheme, while the 
W)' tetradic projections of the extra-dimensional contortion fields are interpreted as SU(2) 

weak isospin gauge fields. SU(2) generators are derived by the identification of the weak 
^ ', isospin current to the extra-dimensional current term in the Lagrangian density of the 

^ I local Lorentz group. The geometrized U(l) and SU(2) groups will provide the proper 

transformation laws for bosonic and spinorial fields. Spin connections will be found to 
be purely Riemannian. 



Introduction 



The search after unification has always been a constant eff'ort in the history of mod- 
ern Physics, and gauge theories are the tool which has favored its development: in the 
Standard Model, all the features of matter fields can be ascribed to the gauge symme- 
tries that define the model itself. Gauge theories describe successfully all interactions 
but gravity, whose phenomenology is explained by the characteristics of the space-time: 
among several attempts to unify such different aspects in a coherent system, Lorentz 
gauge theories allow to express the principle of equivalence as an internal symmetry of 
the space-time. 

In this paper we'll try to geometrize the Standard Electro- Weak Model, and further 
degrees of freedom will be looked for in an extra-dimensional background. The Electro- 
Weak Model consists of two symmetries groups, the U(l) weak hyper-charge Abelian 
group and the SU(2) weak isospin non-Abelian group. The former will be geometrized 
in a 5-dimensional Kaluza-Klein frame-work, where the gauge field is identified in the 
non-diagonal components of the 5-dimensional metric tensor, while the latter will be 
searched for in the tetradic projection of the pertinent components of the contortion 
field. Spinorial fields can be described in such a scenario by their extension to 5 dimen- 
sions. 

Most of the properties of the objects defined in this paper will be suggested by the basic 
features of Kaluza-Klein theories: in such a scenario, five dimensions are considered. 
Gauge interactions can be geometrized by means of some coordinate transformations, 
i.e. extra-dimensional translations only are allowed. The structure of the space-time 
is, for the ground state, not a generic 5-dimensional manifold, but the direct sum of a 
generic 4-dimensional one and a ring. The extension of general relativity to 5 dimen- 
sions within this scheme leads to the violation of the principle of general relativity and of 
the principle of equivalence. Nonetheless, "the existence of the ground state which does 
not have the form of can be best understood as an effect of spontaneous symmetry 
breaking", jT|. 

In the first section, a review of Kaluza-Klein theories will be presented [21, 0, lljilH], 
it will be shown how it properly fits weak hyper-charge U(l) group, and chiral states 
will arise naturally from a 5-dimensional Dirac equation [T], [Zj, |H]. Gauge fields will be 
introduced in the metric tensor, and the tetradic projection of the derivative will provide 
the right coupling of matter fields and the bosonic field [T]. The dependence on the fifth 
coordinate [Hj will provide U(l) weak hyper-charge transformations for spinorial fields 

dm, nn. 

The second section is aimed to develop a 4-dimensional gauge theory of the Lorentz 
group [E]: starting from the analogy with a generic gauge theory, the theory will be 
worked out in a Riemann-Cartan space dS|, and variation with respect to the ob- 
jects involved in the total action will lead to standard equations p!5] . 
These results will be extended to 5 dimensions in the third section [121, |IZ|, : such an 
extension will require care, because of the structure of the manifold = Q) con- 
sidered in Kaluza-Klein theories. The 5-dimensional Lorentz group, and its gauge fields 
, will split up naturally in the ordinary 4-dimensional Lorentz group and SU(2) weak 
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isospin non-Abelian group [IE], [IHl, whose generators will be defined by the recognition 
of the pertinent Lagrangian term to the weak isospin current of the Standard Model. 
Structure constants will provide the proper gauge transformation laws for 4-dimensional 
Lorentz fields and for SU(2) fields [2^, [ll]. World transformation laws will request 
that A^^ fields vanish; these fields, however, had no precise role in this model. Lorentz, 
U(l) and SU(2) gauge transformations will also be established for spinorial fields, and, 
a formal difference with the Standard Model notwithstanding, they will be explained to 
be coherent to standard U(1)®SU(2). 

In the fourth section, the previous results will be collected together. The tetradic pro- 
jection of spin and gauge connections will be evaluated |2T], yjlj, [I], [22], jSH]: spin 
connections will be found to be purely Riemannian, and gauge connections will come 
directly from the preceding calculations. By means of dimensional reduction, the Stan- 
dard Electro- Weak Model is therefore restored [20], [2^ . 
Brief concluding remarks follow. 

In this paper we have chosen the following conventions: 

- small Greek letters for 4-dimensional world indices, /i = 0, 1, 2, 3; 

- capital Greek letters for 5-dimensional world indices, Q = 0,1, 2, 3, 5; 

- small Latin letters for 4-dimensional tetradic indices, a = 0,1, 2, 3; 

- capital Latin letters for 5-dimensional tetradic indices, A = 0,1, 2, 3, 5; 

- i,j,k for 1,2,3; 

- natural units, h = c= 1. 

1 Kaluza-Klein theories: local hyper-charge U(l) 
transformations and chirality 

In a 5-dimensional Kaluza-Klein scheme, it is possible to geometrize an Abelian gauge 
group [2], [HI, |l],[n]; as far as the Standard Electro- Weak Model is concerned, it sounds 
sensible to identify such a gauge field to the weak hyper-charge U(l) one, B^. Let 

= V^® (1) 

be a 5-dimensional C°° manifold, direct sum of a generic 4-dimensional manifold and a 
ring. Because of this structure, the metric tensor Jab has to be a periodic function of 
the fifth coordinate, x^, so that 

jABix^", X^) = jAsix'', + L), (2) 

L being the length of the ring, and can therefore be Fourier expanded. For the cylindrical 
hypothesis, which states that every function with physical relevance must not depend 
on the fifth coordinate, the expansion has to be truncated at 0-order. 
Allowed coordinate transformations are obtained by the constraint that jss be a scalar 
( for our purposes we can assume since now jss = 1, as we are not interested in the 
dynamics of this scalar field ) and by the cylindrical hypothesis, which implies that the 
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transformation law for the metric tensor does not depend on x^: we finally get 



x'^' = x'^'{xP);x'^ = x^ + a{xf). 
Therefore, the components of the metric tensor are 



(3) 



J55 = 1 

js^ = g'kB^ ^ 



(4) 



where A; is a constant, which we need to introduce for dimensional reasons, g' and B^ can 
be interpreted as a coupling constant and a gauge field, respectively, which are related 
to the weak hyper-charge constant and the weak hyper-charge gauge field, as it'll be 
worked out later on. After standard manipulation one gets the inverse components of 
the metric, 

' ^-55 - 1 + {g'kfB^B'' 



5/^ 



-g'kBf" 



(5) 



From and (131) it is clear that B^ transforms like an ordinary 4- vector if we consider 
pure 4-dimensional transformations. 



B„ 



~ dx" 
Bv- 



dx'^"' 



(6) 



while it behaves like a gauge field for the second of provided that ai^x^) = g'ka'^x^) 
so that 



5„ 



B., 



Tetradic vectors are found by imposing 



d^a'ix''] 



JAB = V^ViT^As; 



(7) 
(8) 



with straightforward calculation one finds 




1 



= -g'kB, 



(9) 



and 




1 



= --g'kB^VH 

Vvii:g^^ = t'viivy. 



(10) 
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It can be shown that the action splits up into the ordinary Einstein action and the 
action of an Abelian gauge field 

S = f dx'd'x^'R = -i- [ d'x^i'R + (^)2F^,Fn, (11) 



IQ-K^G J ^ ' IQ-K^G J ^ '2 

where dimensional reduction has been performed, 

F^u = d,B^ - d^B,, (12) 

is the bosonic Lagrangian density of the field B^, and is related to the 4-dimensional 
Newton constant by G = 

Coupling with matter is an important aspect of this article. In the original work by 
Kaluza it had not been taken into account, and many efforts have been made in order 
to find a proper description. 

For a massless fermionic field, the Lagrangian density reads 

L = -'-^Pir^,^^ + H.C., (13) 

where H.C. denotes Hermitian conjugation; its immediate 5-dimensional extensions 
could be 

L = -'-Xil^^AX^ + H.C. = -'-xa^d^Xi + H.C., (14) 

where Xi is a generic 5-dimensional fermionic field and 7^ the fifth Dirac matrix, defined 
as 7^ = i7°7^7^7^. 7^ is still a good Dirac matrix, as it anticommutes whit all the other 
7'^'s in 4 dimensions, and, in 5 dimensions, we have 

[7^7^]+ = 2V^. (15) 

A Lagrangian density has to be invariant under Lorentz transformations: the 5- dimen- 
sional Lagrangian density (fTlll will be shown to be invariant under 5-dimensional local 
Lorentz transformations as they will be defined, in a Kaluza-Klein framework, in the 
next sections. 

The structure of the manifold we are considering suggests a factorization of the wave 
function as a consequence of the direct sum in {TJ, \^\, so that we can guess 

^X. = 'Xi(a:^x^)ocV.(a:'')/(a:'); (16) 

moreover, since the fifth dimension is a ring, the functional dependence on can be 
chosen complex phase, 

f{x')=e^-, (17) 

whose periodicity is this way connected to the length L of the ring by the integer di- 
mensionless parameter iVj, which is related to the weak hyper-charge eigenvalue, and 
describes different "particles" according to different properties of their "motion" along 
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the extra-dimension. We can append a suitable renormalization factor, whose validity 
will be tested afterwords, and the 5-spinor finally reads 

\^[x'',x'>) = ^'ij,{xP)e^. (18) 

In a Kaluza-Klein scenario, spinorial fields show a natural chirality, as it can be easily 
understood after a first glance to Dirac equation in 5 dimensions. 7^ can be used 
as a good Dirac matrix, for it obeys Dirac algebra. If we substitute the 4-dimensional 
identity J = Pr + Pl in (fTT?|l .Pp = and Pl = being the right and left projection 
operators, respectively, we find different Dirac equation for the two chiral states when 
varying, for example, with respect to Xi' 

-l%i^iR + i^^^R^PiR = 0' (19) 

l~^d-^iJiL + l^^iLiJiL = ^] (20) 

if we want the parameter Ni to be related with the weak hyper-charge value, we cannot 
assume NiR = —Nn, for it would be a kind of particle/antiparticle condition, and we 
have to define ab initio two different fields: 

%r{x', x') = -^'Pni^,{xne^^ = -^^^ix^e^^ (21) 

'x^L^x^ x') = ^'PL^Ax^e^^ = ^'^^Lix^e^^; (22) 

it's interesting to notice that the two chirality states perfectly fit one of the most striking 
features of the Standard Electro- Weak Model, i.e. left/right asymmetry, also as far as 
non Abelian local SU(2) transformations are concerned. 

Neglecting, for the moment, gauge and spin connections, whose role will be thoroughly 
developed in the following sections, we can check the previous hypothesis about the weak 
hyper-charge geometrization. 

For a generic matter field, the pertinent Lagrangian density,from (fTlll .after dimensional 
reduction, reads 
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~ i27i 



H.C. + (23) 



first, we can identify the weak hyper-charge coupling constant g' 

, ,2TTk , , 

9 = ~9'^ (24) 

where the functional dependence on the length of the ring is common in Kaluza-Klein 
theories. 

The real gauge field P^ is found by affixing the new parameter M, 

fl„ - §. (25) 
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so that the Standard Model is restored by the request 



(26) 



Hi being the weak hyper-charge quantum number of the field Xi'i since Ni E Z, without 
loss of generalities we can choose M = |, so that the periodicity is an integer sub- 
multiple of the circumference L. Because of ([25|l . for the gauge transformation we 
have a{x'^) — > Ma{x'^), and the bosonic action (fTT| becomes 



S 



647rG 



(27) 



so that we can estimate the length of the extra-ring: with ([2^ and making use of the 
relation e = g' cos 9w, which relates the electric charge and g', we get L ^ 8.86 ■ 10^^°. 
Conserved quantities can be defined for translations along the extra-ring the stress- 
energy tensor is extended to 5 dimensions as 



Tab = —VabL + Sr 



dL 



and it obeys the conservation equation 



(28) 



(29) 



so that the conserved momentum components are 



cPa 



d^xdx^Tc 



for the fifth component we have 



d^xdx^ 



ih 
~2 



P5 = J d-'xdx'' 



-Xj + H.C. 



in 

L 



(30) 



(31) 



and, since it is a conserved quantity, it can be multiplied times an arbitrary constant 
in order to get the right dimension of a charge: with (f2i|) and (f26|) . we obtain therefore 
that the fifth momentum component is the weak hyper-charge Qy 



P5 = Qy = g'Vi 



(32) 



The identification of the constant of motion P5 to the conserved weak hyper-charge Qy 
is allowed by the choice of a complex phase dependence on the fifth coordinate of the 
wave function (fT8|l . which is coherent, from a quantum-mechanical point of view, with 
the representation of an eigen-state of x^. 
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It is possible to verify that spinorial fields (fTI?|l meet the correct weak hyper-charge 
transformation law, generated, in this model, by the second of Q: 

X. - = -Le^(-'^-W"'(x'')))4^^(^P) ^ _Le^^.-'^y; (33) 

in fact, implies a{x'^) — * Ma{x'^), and the right gauge transformation 

i/j^t/j' = e'^'y^'^'^'^'^^ (34) 

is achieved, where we have used TIM and TI^ . It has just been shown, therefore, that 
U(l) Abelian gauge transformations can be ascribed, in a 5-dimensional scenario, to the 
cylindricity hypothesis, from which Q are derived, and the factorized expression (fT8|) is 
found to be a good extension: (|T8ll does not break the cilindricity hypothesis itself, as 
spinorial fields are not physical objects. 

Furthermore, it's worth remarking that the apparently different phase factor defined in 
p3|l is unimportant, for the right and the left side have the same periodicity L, and it 
does not modify expectation values of physical observables, that are quadratic functions 
of the fields. 



2 4-dimensional local Lorentz group 

In General Relativity, a generic infinitesimal coordinate transformation reads 

^ x'^'ix) =x^' + i''{x), (35) 
while an infinitesimal local Lorentz transformation is given by 

^ x'^(x) = K^'X = x^ + e^Ax)x''; (36) 
the latter can be easily expressed in terms of the former by 

x'^ ^ x'^'ix) =x^ + e^^{x)x'' = x'^ + e'^(x). (37) 

If we introduce interaction with matter, this is not true, as the transformation law of 
fermionic fields under local Lorentz transformations cannot be compared to that of a 
generic tensor under general coordinate transformation: fermionic fields are described 
by a spinorial representation of the Lorentz group, while the diffeomorphism group has 
none. This issue suggests to treat local Lorentz transformations like an independent 
gauge field by defining a covariant derivative and a bosonic Lagrangian density, p2|. 
It can be generalized to a flat 4-dimensional manifold, endowed with a set of tetradic 
vectors e°: the Lagrangian density reads 

L = -'-^pre^,^,i; + H.C., (38) 
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where invariance under diffeomorphism is assured by the tetrad. Invariance under local 
Lorentz transformations 

i/j{x) ^'{x') = S{A){x)i/j{x),i/j{x) i/j'{x') = iP{x)S-\A){x), (39) 



S{A)rS-\A) = At^\ (40) 

where 

S{A){x) = I+^e'%^, lf> = (41) 
is restored by the covariant derivative 

D.V^ = e^D^^ = e^(a^ - CJz^, (42) 
where = C^^'O^^ transforms like 

Cf ^ S{A){x)C~^^S-\K){x) + S{A){x)d^S-\A){x), (43) 
and, for infinitesimal e, 

Cf ^ cf + d,e^' - D^jCfe'f, (44) 

flab ^'^d-Dglgj being suitable generators and structure constants of the group, respectively. 
In a curved space time, the validity of Dirac equation is ensured by the request that Dirac 
algebra be still valid even in the new non Minkoskian metric, i.e. the tetradic projection 
of Dirac matrices still obey 

[7^71+ = 27,7^^ (45) 
If we consider Riemann-Cartan spaces, endowed with the affine connection 

-{l^p}- n (46) 
we look for an operator which allows 

D^l. = 0; (47) 

such an operator is found to be 

D^A^Vi,A-[r^,A] (48) 
for a generic geometrical object, and 

D^V' = - r^^, D^^ = a^^/; + ^r'^ (49) 

for fermionic fields, so that the matter Lagrangian density reads 

LM = -^^7'e^^MV^ + if.C.. (50) 
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By substitution of in (jlHI), after standard manipulation one finds 

r. = r« + = ^RfE,, + l^f s,-„ (51) 

where the tetradic projection of the Ricci coefficients and of the contortion field are 
defined, respectively, 

^abii = Rabc^% (52) 

^ab^i = "-^pcr/iC^e^ . (53) 

If we now consider flat spaces, i.e. R^upa = and compare (jl^ . and . we can 
identify 

we can find, therefore, gauge fields and generators of the local Lorentz group. Structure 
constants in can be evaluated from structure constants of the Lorentz group F^{^' 



[Safe, Sgj] = ?7g[ijS5]j - ?7j[aS5]g = r]c[aS^^delta^J - ^45^1^5 



= F^ij^^f (55) 



so that D%. = \F~!l.. 

abed I abed 

We have now all the terms to explain how to identify a local Lorentz transformation 
to a gauge transformation: the main difficulty in this task is the fact that a gauge 
transformation is defined in the same point of the space time, i.e. ip{^) ~^ i^'i^), while 
a Lorentz transformations isn't, i.e. tp{^) ~^ ip'{x'). The set of tetradic vectors plays 
an essential role in in solving this discrepancy, and the implications of pTjl need further 
developments: because of local Lorentz transformation, a tetradic vector transforms like 

e'-^{x') = A\{x')el{x'\ (56) 

whereas, for a generic diffeomorphism, (jSSI), 



e%x) - e'-{x') = e%x)^^ ^ e%x) + e^(x)^; (57) 



the role of e^^ in formulas (l39ll^ (l^ becomes therefore crucial in pulling the transfor- 
mation back to the same point, as long as gauge transformations are concerned. 
After straightforward calculation, one finds from (f57jl 



elix') + e^(x') [-eke + A\sf] = e^(a:') + e^Kx^ef , (58) 
where 

here A^jg = i?^^g — Rg^g, are the anolonomy coefficients. 

The number of degrees of freedom for generic diffeomorphisms, 16, and that for Lorentz 
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transformations, 6, lead to the request that pKll be an isometry, i.e. V(^^u) = 0, so that 
in (f59|l only the anti-symmetric part of Di^"' doesn't vanish. Finally we get 



CaS = D[a^l] - RabcC (60) 

which is anti-symmetric, i.e. e^^ = — e^^. Formula (|6n|l shows once more that Rgj,^ cannot 
be a gauge field, for it defines the transformation. 

Field equations can be calculated from variational principles. In a gauge theory, gauge 
connections are primitive objects, so that the total action S = S{e,A,ilj) reads 

S ^ S{e,A,ij) ^ J d'x^[R{e) - 2x{Lm - ^E'F,M)F'^^{A))], (61) 

where E is an opportune coupling constant, whose value must be small compared to 
the energy scales of modern-day experiments, since the effects of the 4-dimensional local 
Lorentz group have not been revealed yet. 

Variation with respect to tetradic vectors, 5e^, leads to the tetradic projection of Einstein 
equations, with Yang-Mill tensor T^'^ as source 

iR,,u - ^g^,uR)el = xT^,-a- (62) 

Variation with respect to the gauge field 5A'^^ brings Yang-Mill equation, the spinorial 
current density being the source: 

= -J-al- (63) 
Variation with respect to the adjoint spinorial field 5^ gets Dirac equation for ^ 

7^D^V = 0, (64) 

and vice-versa. 

Conserved quantities can be found by the comparison of local Lorentz transformations 
and gauge transformations. In particular, because the current density obeys the 
conservation law 

a^J'^"' = 0, (65) 

we have the conserved (gauge) charge 

on the other hand, the conserved quantity for Lorentz transformations in fiat space time 
is the angular momentum tensor M^^: the tetradic projection of the spin term reads 

M"^ = / rf^xTT.sJv^, = const., (67) 



which coincides to provided that vr,. is the density of momentum conjugate to the 
field ipr, i.e. tt^ = dL/dipr- The parameter e"^ defined in (fHn|l renders this identification 
possible. 
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3 5-dimensional Lorentz group and local SU(2) 



The results of the previous section can be generalized to a higher number of dimensions, 
if interactions other than gravity are to be geometrized. The proceeding, however, is 
not so linear, because of the structure of the manifold ((IJ we are dealing with: a generic 
5-dimensional Lorentz transformation reads 

x^) x^) = x^ + eV", (68) 

but, if we want to define the Lorentz group for JH), the set of transformations Q leads 
to the constraint e^^ = 0. 

The global 5-dimensional Lorentz group can be therefore described by the generators 
= I [7^, 7^^], where 7^ is the fifth Dirac matrix, as shown in (15). The 5-dimensional 
Lagrangian density reads 

+ H.C., (69) 

where the extra-dimensional derivatives vanish because of the properties of the right/ 
left projection operators. Invariance under 5-dimensional global Lorentz transformations 
is assured by the transformation rules for the spinorial fields, x ^ S{A)x, X ~^ xS~^{-^), 
and for Dirac matrices, S{A)'y^S'^{A) = A^j'j^: in particular, because of the constraint 
^ |.]^g 5-dimensional transformations lead to the ordinary 4-dimensional transfor- 
mation, where the generator S'^^ doesn't play any role. 

When 5-dimensional local Lorentz transformations are considered, the previous analysis 
changes drastically, as shown in the second section: 5-dimensional local Lorentz trans- 
formations cannot be distinguished from generic 5-dimensional diffeomorphisms in the 
physical space time, while, in the tangent bundle, spinorial fields are the only geometri- 
cal object that can still experience the difference. 

In the tangent bundle, as shown previously, the parameter e^^ defines the transforma- 
tion rules for spinorial fields and for Dirac matrices^ and, from (60), it can be shown 
that, for pure extra-dimensional coordinate transformations, 

e-a-5 = le^adM^') ■■ (70) 

it must not be surprising that extra-dimensional transformations define both weak hyper- 
charge and weak isospin gauge transformations. Besides, equation (f7n|l describes a dif- 
ferent breaking as far as the physical space and the tangent bundle are concerned: the 
physical space is defined as |H), while the tangent bundle is depicted by e"^. Since e"^ 
doesn't vanish, generators T,"-^ recoup their own role; because invariance under Lorentz 

^We stress that the transformation law for the 4-dimensional Dirac matrices is violated by a term 
proportional to gEejr,j^ai, as far as spinorial indices are concerned, as it will become clearer from 
(77) and (78); the fact that the effects of this term have not been observed yet can be explained 
by the small value of the constant E. The violation due to the transformation of world indices, 
proportional to £"57^ vanishes because of the properties of 7^. 



L = — 



XLl^dnXL + XRl^dnXR 
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transformations is not determined by the expUcit form of such generators, i.e. they 
act like further degrees of freedom, however, it is possible to choose their expression in 
order break the 5-dimensional group in the 4-dimensional group and a SU(2) group, as 
it can be inferred by studying the structure of 4-dimensional space rotations, [T^. It 
can be achieved by imposing that these generators commute with those of the ordinary 
4-dimensional local group, [T^, as it will be shown throughout this section. 
The 5-dimensional representation of the local Lorentz group cannot be, therefore, the 
immediate extension of the second of (jUJ, that would be 

T.^' = \[l\l% (71) 

while for a = 0, 1, 2, 3, the four- dimensional group is regained, S*^ does not provide any 
known group, nor local SU{2) non Abelian group, which we wish to describe. In fact, 
^ = 5 cannot be treated like a = 0, 1, 2, 3, because the fifth dimensional ring is just 
directly summed to V^. Furthermore, S"^ would be a redundant degree of freedom, for 
Abelian group U(l) has already been geometrized by a Kaluza-Klein scheme: must 
be a vanishing quantity. The corresponding gauge field must vanish as well. 
On the other hand, one has to consider that S*^ is strictly connected to the extra- 
dimension, which is responsible for the chirality matter fields show in 5 dimensions, ()19|1 
(f2nl) : it is, therefore, coherent to hypothesize an asymmetric right/left behavior for such 
generators, just like (fTTll would have in a generic manifold V^, because of the properties 
of -f^, Pr and Pl. 

In order to find the right expression for S*^, we can start by extending (j6T| to five 
dimensions, and then imposing that the components of the conserved current be the 
isospin conserved current. SU(2) local isospin group operates on left-handed isospin 
doublets, while, so far, we only have introduced "singlets"; the right/left asymmetry we 
have just requested can be put into effect, first of all, by assuming that only left-handed 
fields undergo this transformations, i.e. right-handed fields are in the null-space of the 
corresponding generator: because of (f2T| and the properties of the projectors, we have 
oc Pl. 

Besides, we have to face the difficulty of introducing doublets; weak isospin doublets can 
be introduced by 

•'^'■^ ( ) ^ 

a different choice would describe the same physics, but matter fields should be relabeled, 
so (TT^ . and the equivalent for quark doublets, is a valid option. Even though it could 
sound forced to introduce doublets in a theory where no doublets are needed, we can 
remark that also right-handed fields can be arranged this way, but there would be no 
point in it, for the matrix operating on such doublets would only be the identity: the 
geometric 4-dimensional covariant derivative and weak hyper-charge acting on spinors, 
such doublets would naturally split up. 

Suitable generators S*^ can be finally deduced from (jlIT|l .bv identifying them to the 
operators in the current term coupled to the gauge field. 
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In the Electro- Weak Model, the weak isospin current and the bosonic Lagrangian density 
are found to be, respectively 



I 



Jt = o^lT'^^.^l, (73) 



1 

4 

CTj being a Pauli matrix, while, from (|6T|) . we have 



L = --FlAW)Fr{W) (74) 



'L = -\E'FiiF2E = -\e'F^I{A)F^{{A) - 2\e'F^{A)F^{A). (76) 
It is therefore easy to determine the suitable generators : 

S^"^^^[7^7^], (77) 



^ -^g^E^P^- (78) 



= 0, (79) 

Structure constants ^CAn^p are defined as 



as discussed above. 

'CDEF 



f^CD^^^Ep] —^C! (jj^^P^VLj,^^, (80) 

where -Dgjgj are given by Since E"'' and S*^ operate on different spaces, and TP^ 

vanishes, the only non- vanishing commutators are, because of (fHi| . (ffTj) . (f7H|l . (f7n|l and 

iH), 

[Sab5 ^cj] = E'^'Ji-^ab (81) 
[Si5, Sjs] = C-'gJgSfcS, (82) 

SO that 

Cf 5 ^ ^?v^i?e,,,. (83) 

From (|8n|) . (f8T| and (f82|) . we can see that the total group we are dealing with is the 
direct sum of the ordinary 4-dimensional Lorentz group and the weak isospin group: the 
structure 

50(3, l)(g)5f/(2) (84) 
is expressed by the vanishing commutators 

P,5,S^5] = 0, (85) 
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i.e. the former S"^^ is broken in the Lorentz group and an internal symmetry group. 
So far, we can check that the fields A^^ undergo the standard world and gauge trans- 
formations. For Aif^'s fields, the former reads 

for the second of does not vanish automatically, and we need to impose 

= (87) 
in order to regain the ordinary 4-dimensional word transformation 

- (88) 

i.e. A^^^s fields behave like 4- vectors. 

Gauge transformations are achieved by the immediate 5-dimensional extension of (jiill . 
and (|Hn|l must be taken into account: 

Af - Af + d,-e^^ - Dll^,Afe^^ : (89) 

because of ([8T|) and (|82|) . 4-dimensional local Lorentz transformations , as they were 
defined in are straight away restored, while for A!"^ we have 

- + 9,6^^ - Cfy (90) 
where (f7fl|l has been taken into account. 

Structure constants ensure that different gauge fields don't mix up. 

If we consider (84), disregarding boosts, the 5-dimensional space rotation group is SO (4), 

while, in the Kaluza-Klein scheme, we have 

50(4) ^50(3)® ^f/(2); (91) 

no sooner boosts are considered than is reestablished, as e*^^ is not experienced by 
spinorial fields: because = and Al'^ = 0, the parameter e^^, even though a non 
vanishing quantity, is not involved in any transformation. 

This section is aimed to investigate how SU(2) weak isospin symmetry can be restored, 
so we can guess from now on 

= V2EA^^ : (92) 
since S*^ is always coupled to A^^, we can put 

-'9^Pl, (93) 
qi^5 - 9e^,k, (94) 
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e^^ ^ v^Ee^^ (95) 



This way there is no misunderstanding in (f92|) . (f93|) . (|9Hl . (|95|) . since i index refers to 
the tangent bundle only, and 5 can be neglected, as it behaves like a passive index (it is 
not involved in any transformation). Equation (fnn|l becomes 

W;^W'; = W; + d,e' - ge,,uWle\ (96) 



where we have identified the weak isospin gauge field. (|92)) . The bosonic Lagrangian 
density reads, finally. 



L = —,E'FfM)F^{{A) - -F;^{W)Fr{W), (97) 



4" 
where 

= duW; - d,Wl + ge^.kWlWt. (98) 

4-dimensional Lorentz transformations and SU(2) gauge transformations are also re- 
stored for spinorial fields: the 5-dimensional transformation reads 



X.-x: = e^-^^^'", (99) 
so that, for the first of we have 

- = e^--^^"^x.(a:'', x^) = — e^<"^^" V.(a:Oe^^ : (100) 



this way 

V. - V: = e^'-^'^.. (101) 



For the second of 0, on the other hand, we get 

_ 1 . i27rJV,- r 

yL 

^ = e2^«^''^Xii(x'', x"') = ^e^3'^'^'e'^^^^^ii(x0 : (102) 

the 4-dimensional spinor transforms like 

^^!iL ^^'iL = e'^'^»°'("'')e5^'^'^'4^,i, (103) 

where, according to (f92ll . (j93| and the results of the first section. Weak hyper-charge and 
weak isospin transformations are here generated by the same coordinate transformation, 
i.e. it's impossible to generate the former without the latter , and vice-versa: in the 
Standard Model, however, this is the complete spinorial field transformation, and, as far 
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as the bosonic fields A^, Z^, and are concerned, it is not possible to distinguish 
between the diff'erent transformations individually. 

Conserved quantities can be found in 5 dimensions as well: according to the consider- 
ations which led to (|66|) and (|67|) . it's possible to establish conserved charges because 
of the breaking of the 5-dimensional Lorentz group. Since the current density (TTHll still 
obeys a conservation law 

O^Jab = 0> (104) 
we get the 5-dimensional conserved charge 

q0^^= r d^xdx^J"^^^ = const. (105) 
Jo 

The spin angular momentum tensor can be extended to 5 dimensions, too, and its 
tetradic projection reads 

M^^ = I £xdx^^7rrJ:ffxs = const, (106) 
Jo 

which coincides again to ()105p . and ^Hj. is the 5-dimensional density of momentum 
conjugate to the field Xr- 

For weak isospin transformations, weak isospin charge is just the tetradic projection of 
the extra-dimensional part of (jl()5|] : 

qo = M^^ = ^ d^xdx^^T^r^^Xs = j d^^^l^^i^L. (107) 

where we have used the results worked out in this section. Once again, the role of the 
indices i and 5 allows us to better understand the breaking of the 5-dimensional Lorentz 
group into a 4-dimensional Lorentz group and an internal symmetry. 



4 Restoration of the Electro- Weak Model 

We can develop now the whole Lagrangian density (fTll and substitute the covariant 

derivative in 5 dimensions. 

The tetradic projection of the connection is 

= e^r^ : (108) 

for the gauge connections 0, we have 

rf = \^ABAf = l^-aiAf + is^sAj (109) 



and 



rf^o, (110) 
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while for spin connections some more investigation is in order. In fact, for the manifold 
(III), we get no connection for translations, as far as 5*^ is concerned, and 4-dimensional 
connections are found to be purely Riemannian, so that 

rf = %, (111) 

and 

rf ^ 0. (112) 



These spin connections follow naturally from the definition of (JT]); if, instead of this 
structure ,we considered the group (f7T|) . p], non-minimal coupling terms would arise 
from the tetradic projection of spin connection. 

Since matter fields are introduced in their chiral states, extra-dimensional derivatives 
vanish when coupled to 7^, according to the projection operators' properties and to 

Xa7'd-,Xa = (113) 

where a refers to right-handed singlets and to left-handed doublets. The property ()113|) 
corroborates the choice to introduce mass-less spinorial fields in their chirality states. In 
fact, if spinorial fields were introduced in a non-chiral form and then "projected" along 
the two different chiralities, besides the difficulty in defining such projection operators 
because of the values of the parameter iVj, mass-like terms would occur: these terms 
would break the symmetries of the model, just as in the Standard electro-weak theory, 
and, moreover, different masses would be implied for right- and left-handed fields in five 
dimensions; furthermore, these mass-like terms would vanish after dimensional reduc- 
tion. These inconsistencies are the reasons why spinorial fields are to be established in 
the two different chirality states, and why they need to be mass-less, mass-like terms 
being generated by some spontaneous symmetry breaking mechanism. 
Collecting all the terms together, we get 



2 



+ H.C., 



(114) 



where summation index i runs over the three families of leptons and the three families 
of quarks, while j runs over the six leptons and the six quarks. More explicitly, 



+ J2xjRl''CD-,-~g'kB, 



L 



i 

~ 2m N, I 



XjR 



H.C. 



where 



l7-)_ 4fj i-pR 4p^. 



(115) 



(116) 
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since there's no more ambiguity left, making use of ((21)), ((2SI), (f7H|l and (fH^ . 

dimensional reduction can be carried out: 



We can appreciate that the Electro- Weak Model has been restored thanks to the main 
assumptions of this work, i.e. the identification of the weak isospin gauge boson to the 
tetradic projection of the extra-dimensional contortion field, and the breaking of the 
previous 5-dimensional Lorentz group into the ordinary 4-dimensional Lorentz group 
and an internal symmetry. Dimensional reduction, which is intended to eliminate every 
object related to higher dimensions, is accomplished by the integration on the extra- 
coordinate: normalization factors and phase dependences on the fifth coordinate are 
therefore removed. 

5 Brief concluding remarks 

The geometrization of the Electro- Weak Model we've just accomplished has been car- 
ried out making use of a 5-dimensional Kaluza-Klein theory and of a gauge theory of 
the Lorentz group. 

In the framework of a Kaluza-Klein theory it has been possible to geometrize U(l) 
weak hyper-charge symmetry: the gauge field has been introduced in the 5-dimensional 
metric tensor, and 4-dimensional chiral states have been defined by the splitting of the 
5-dimensional Dirac equation, because of the 5-dimensional Dirac algebra. 
The gauge theory of the local Lorentz group has been extended to 5 dimensions as far 
as the manifold ^ involved in Kaluza-Klein schemes is concerned: extra-dimensional 
generators have been defined by the comparison of the extra-dimensional Lorentz con- 
served current to the weak isospin conserved current. The tetradic projection of the 
5-dimensional spin part of the angular momentum tensor has been found to be a con- 
served quantity. The character of spin connections has been explored through their 
tetradic projection, which were purely Riemannian. 

In the Standard Model, unification is achieved by two different symmetry groups and 
two different coupling constants: this feature is here explained by the different geomet- 
rical origin of the two symmetry groups. Two different properties of the 5-dimensional 
space-time, i.e. the metric tensor and the extra-dimensional contortion field, give rise to 
the transformations which spinorial an bosonic fields undergo: the different geometrical 
origin can explicate the reason why these groups are so formally dissimilar , and why 
coupling constants don't coincide. The chief peculiarity of electro-weak interactions, 
i.e. right/left asymmetry, is reinstated : it comes out naturally from the 5-dimensional 
Kaluza-Klein scheme, and is brought back in the whole transformation 
U(l) weak hyper-charge and SU(2) weak isospin transformations were generated from 



iL 




(117) 
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the same (extra-) coordinate transformation (jS}, so that the two gauge symmetries seem 
too strictly connected. In the Standard Electro- Weak Model, however, and Wj^ are 
mixed up to form the observed gauge bosons and Z^, so, as far as observed quantities 
are concerned, it is not possible to distinguish between the two transformations. Thus, 
the correlation which takes place in this theory is not so distant, in principle, from the 
Standard Model. 

The description of the Standard Model we have developed fits mass-less fields only: 
mass-like terms would break the symmetries of the 5-dimensional model and would van- 
ish after dimensional reduction. Higgs mechanism would bring the expected results, but 
it is not so clear how to define gauge connections for a scalar boson. 
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